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1. INTRODUCTION 
Let G be a finite group with a BN-pair. When G is of type A,, B, , or C,, 
we showed in [ 3] how to construct irreducible G-modules from the 
homology of certain subcomplexes of the Tits complex, and showed that they 
afford the reflection compound representations of G. In the present paper we 
give a similar construction in case G is of type D,, n > 4. 
As we pointed out in [3], these representations have already been 
constructed by Lusztig in [ 11, using the &ale cohomology of the Coxeter 
orbits. We would hope, however, that the present construction is of interest 
because of its totally elementary (i.e., combinatorial) nature. 
2. THE CONSTRUCTION 
Assume, for the moment, that G is an arbitrary group with a BN-pair. Let 
W be the Weyl group of G and let (w, ,..., wn} be a set of fundamental 
reflections generating W, and set R = {l,..., n}. For each Jc R we set 
W, = (wi ] j E J), and set GJ = B W,B. If J = R - (i), we set G”’ = G,, 
W”’ = W,, and so each Go) (resp. W”‘) is a maximal proper parabolic 
subgroup of G (resp. IV’), i = l,..., n. 
By definition, the Tits Complex of G is the simplicial complex A which has 
vertex set { gG”’ ] g E G, i = l,..., n}. A collection o of vertices is a simplex 
of A if and only if n v # 0, where the intersection is taken over those vertices 
contained in u. Now fix JE R and define the subcomplex A, of A as follows: 
The vertex set is { gG(” 1 i E J), and the simplexes of A, are those already 
contained in A. Finally, we define the Coxeter Complex .Z and the subcom- 
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plexes C, in the analogous way from the vertex set ( wW”) ( w  E W, 
i = l,..., n). 
Now assume that G is of type D,, n > 4, with Dynkin diagram labelled 
/ 
0 n-1 
O--..---o-...-~ 
1 2 n-2 
\ 
0 n. 
Define a relation (<) on the vertices of’ A as follows: Say that 
g, G”’ < g,Gu’ if and only if {g, G”), g,Gu’] is a simplex of A, and i <j 
with i < n - 2. The same arguments as in [3, Sect. 21 show that < is a 
partial order. It is important to realize, however, that A is not the order 
complex induced by < (A has more simplexes). 
The reader may find it helpful to identify G with an O&-type orthogonal 
group, and to think of the vertices of A as the appropriate isotropic 
subspaces with < corresponding to inclusion. We emphasize that this iden- 
tification serves only as a psychological (versus a logical) aid, as the 
construction below is independent of the isomorphism of G with an 
orthogonal group. 
Let JE R, and let k be a positive integer. By a k-fag in A, we mean a 
sequence cr = (g, Gtil),..., g,G”“), where { g, Gul),..., g,Gok’} is a simplex of 
A,, and where i, ,..., i, E J satisfy i, < i, < . . . < i,. For any nonnegative 
integer m < IJI - 1, we set C,(A,) = 0 Q,, where each Q, = Q and where 
u ranges over the (m + 1)-flags of A,. For each such flag o, we let 
,u,,: Q + C,(A,) denote the obvious coordinate function. By convention we 
set C- ,(A,) = Q. If H,( ) is the rational reduced homology functor, we have 
where 
%,(m) = t (- 1 Ii+ ‘mu,,, mEQ, k>l, 
i=l 
%,(m) = 4 mEQ, k=l, 
(2-l) 
and where if u = (u,, v2 ,..., v,J is a k-flag in A,, ui is the (k - I)-flag 
(0 1 v**3 vi-] 9 vi+ 1 r***P v,J. Therefore, if z = C~,(rn~) E Ck--l(A,), it follows 
from (2.1) that z f Hkpl(AJ) if and only if for every (k - l)-flag (v, ,..., ui- ,, 
V i+ 1 ,..., v,J of A,, we have 
xmm,=O, 
” 
(2.2) 
where v ranges over those vertices of A, such that u = (v, ,..., Vi-, , v, 
vi+ 1 Ym*7 v,J is a k-flag. 
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We need further notation. For any i = l,..., n, we shall denote by Ei 
(resp. Z7,) a typical vertex in A of the form gG”’ (resp. gGcnmk+“). Again, the 
reader may find it useful to think of G as an O&-orthogonal group and to 
think of each Ei as an i-dimensional isotropic subspace, if i < n - 2, and to 
think of E n-l, E, as maximal isotropic subspaces in different G-orbits. 
Assume henceforth that k is a fixed integer with 1 < k < n, k # n - 1. (We 
deal with the case k = n - 1 in Sections 4 and 5.) If u = (LI, ,.,., ZZ,) is a flag, 
set 
@,(a) = {flags (E, ,..., Ek)IEj<njvEj+I 4nj, 
l~j~k-2,Ek-,~nk-,,Ek-,~nk, 
E,<n, and Ek$flk-,}, 
O,(o) = {flags (E, ,..., Ek)IEj<nj,E;+, 9!nj, 
l~j~k-2,Ek-l~nk-,,Ek-,~nk,Ek~Hk-, 
and E, 4 l7,). 
Now set K= { l,..., k}, K’ = (n-k + l,..., n}. Define T: C,-,(A.,)-+ 
C,- ,(AK) by setting 
m,(m)= 1 P&)- s P*(m), mEQ (2.3) 
reel(o) TE82(U) 
if 2<k<n-2. If k= 1, set 
and if k = n, set T = identity. It is clear that T is a G-equivariant mapping. 
Our result is 
(2.4) THEOREM. THk- *(AK ,) C H,- l(AK), and the image affords the kth 
reflection compound character of G. 
The case k = n follows by the work of Solomon [2]. If k = 1, we can 
argue first (e.g., as in [4]) that H,(A,) and H,(A,,) have the first reflection 
compound character as a unique irreducible constituent. Then check that 
TH,(A,,) # 0 and obtain the result. 
The remainder of this section shall be devoted to proving that 
TH,- ,(AK,) c H,- l(AK), for 2 < k < n - 2, and in Section 3 we show that 
TH,-,(A,,) affords the kth reflection compound character. 
Thus, assume that z = C,uJm,) E Hk-,(AK,). Then by using (2.2) one 
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checks that ~Tz = 0 if and only if for every fixed flag (E,,..., E,- I) 
El+ 1 >..*p E/J of A,, 
P-5) 
where Ei ranges over those vertices with Ei-, < Ei < Ei+, , and where Oj 
ranges over those flags of A,, with (E, ,..., Eipl, Ei, Ei+, ,..., Ek) E 
oj(a), j = 1, 2. 
We can easily check the validity of (2.5) in case i = k, as follows: Let (J be 
k-flag in A,,, and note that ] O,(u) - oz(a)] = ] O,(5) - @i(a)]. This implies 
that (2.5) is true for i = k for any element z = ,~,(m) E C,- l(AK,) and hence, 
a fortiori, for any element z = C,~,(rn,) E H,- *(AK,). 
In order to check (2.5) in the remaining cases, the following lemma is 
useful. The proof is virtually identical to that of [3, Lemma (3.6)]. 
(2.6) LEMMA. Let 1 < i < k and let (IT- 1, IZi ,..., I7,) be afixedflag. Let 
(Ei- , , Ei, *) be a frag satisfying 
(i) Ei-, <l7-, and Ei+, <njfor all j>i+ 1; 
(ii) fli-i $Eif 01 any Ei satisfying Ei _, < Ei < Ei + , . 
Then there is a unique Ei satisfying Ei- , < Ei < Ei+ 1 and Iii 2 Ei. 
Remark. Notice that if i = k - 1, then Lemma 2.6 remains valid if 
reverse ZIk-, and II,. Also, if i = 1, then the obvious modification 
Lemma 2.6 remains valid. 
we 
of 
Assume now that z = JJ p,(m,) is a fixed element of H,- ,(AKS). Consider 
first the case i = k - 1 and let (E, ,..., Ekp2, E,J be a fixed flag. Refer to (2.5) 
and write JJ = ,JJ’ - 2” with 
where 
(1) cm is the sum over flags (H, ,..., flk-2) with flj>Ej, f7h$EE,+,, 
lQj<k-2, l<h<k-3, and where 17k-2$Ek-, for any E,-, 
satisfying E,-, Q Eke, GE,; 
(2’) c;*, is the sum over elements IIk with 17k > E, ; 
(2”) c;;, is the sum over elements II,-, with lIk-, > E, ; 
(3’) c;3, is the sum over flags (E,-,,IZ,-,) with Ekp2<Ek-,<Ek, 
and such that (ZZ-,,ZZ-,,flJ is a flag; 
(3”) c;;, is the sum over flags (Eke 1, I7,) with Ekpz < E,- , < E,, 
and such that (nkP2, ZZ,- i, ZZ,) is a flag. 
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By Lemma 2.6 we conclude that 
where lTk _ I ranges over those elements such that (ZZ,- 2, lTk-, , II,) is a flag. 
Now apply (2.2) to obtain 2’ = 0. In a similar way- (cf. remark following 
Lemma 2.6, obtain 2” = 0, and so C = 0. Thus (2.5) is valid if i = k - 1. 
Next, let 1 < i < k - 1 and let (E, ,..., Ei- , , Ei+ , ,..., E,J be a fixed flag. 
Write C = C’ - C” with 
where 
(1) cw 
4l~4+,9 
is the sum over flags (IZ ,,..., IT-,) satisfying lIj > Ej, 
l<j<i-1, l<h<i-2, and where ZZ-,$Ei for any Ei 
satisfying E,-, & Ei < Ei+ , ; 
(2’) c;2, 
4z%f+l, 
is the sum over flags (II,, ,,..., II,) satisfying IZi> E,i, 
i+l<j<k,i+l<h<k-I; 
(2”) c;‘z, 
=,,2E,,+,, 
is the sum over flags (IT,+,,..., Z7,) satisfying ZTi > Ej, 
4&% 
i+l<j<k-1, i+l<h<k-2, lI_,>E,, Ilk&Eke,, 
(3) cc3, is the sum over flags (Ei, ni) with Ei- , ,< E, ,< Ei+ , and such 
that (ZI,-,,17i,IIi+,,17i+2) is a flag. 
By Lemma 2.6 we have 
where ni ranges over those elements such that (IZi _ 1, IZi, ITi+, , IZ;+ 2) is a 
flag. By (2.2) 2’ = 0. Similarly, C” = 0, forcing 2 = 0. Thus (2.5) is 
proved in case i > 1. 
Assume finally that i = 1, and let (E2,..., EJ be a fixed flag. Write 
C = C’ - 2” with 
where 
(2’) Ci2) is the sum over flags (II,,..., II,) satisfying II, > Ej, 
K+Eh+l~ 2<j<k,2<h<k-1; 
(2”) c;;, is the sum over flags (IT2,..., n,) satisfying lIj> Ej, 
Klb%H~ 2~j~k-1,2,<h,<k-2,n,_,~E,,n,~EE,_,,n,~E,; 
and 
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(3) Ct3) is the sum over flags (E,,II,) with E, GE,, Z7, $ E, 
such that (l7, , IZ,, ZZ,) is a flag. 
By the remark following Lemma 2.6 (for i = l), together with (2.2 
have 
1 we 
where II, ranges over those elements such that II, > E, and such that 
(Z7, , II,, H,) is a flag. 
By repeated application of (2.2) we have 
=(-I)&-’ x x . . . 2 y  m,. 
n&E, n,-,>E,, n22E2 n,>E2 
Essentially the same computations show that C” equals the above 
expression, i.e., that 2” = C’. Thus C = 0, proving (2.5) in case i = 1. This 
concludes the proof of the first part of Theorem 2.1. 
3. THk-,(dK,) AFFORDS THE REFLECTION COMPOUND CHARACTER 
The construction in Section 2 can be applied to the Coxeter complex C of 
W = W(L),), giving rise to a W-equivariant map 
T,:H,-,(~,.)-,H,-,(~,). (3.1) 
In order to identify THL--l(AK,) as affording the kth reflection character of G 
it suffices to show that To H,- r(C,,) affords the kth reflection compound 
character of W. To this end it is convenient to compare the Coxeter 
complexes of the Weyl groups W(D,) and W(B,). 
Let us denote the Coxeter complexes of W(B,) and W(D,) by Z@’ and 
J?‘, respectively. Assume that the Dynkin diagram of type B, is labeled as 
o--o- . . . -0-o. 
I 2 n-1 n 
By definition, the (n - I)-dimensional hyperoctahedron 3 is the simplicial 
complex with vertices ( f 1, *2 ,..,, in ) and simplexes (i, ,..., i,], where j # h 
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implies 1 ij] # 1 i,]. The Weyl group W(B,) can be identified as the group 
Z, (’ Sym(n) of “signed” permutations of the vertices of X. The complex 
,P’ is naturally isomorphic with Sd(X), the first barycentric subdivision of 
X. The isomorphism is easily described, as follows: If 1 < i < n and if 
M, E W = W(B,), send the vertex wW”’ of JY” to the simplex {w(l),..., w(i)} 
of ,X. This isomorphism is easily seen to be W-equivariant. 
The vertices of .?? can also be made to correspond to faces of X, as 
follows: If I < i Q n - 2, and if w  E W = W(D,), then the vertex wW(” 
corresponds to an (i - I)-dimensional face of X, as above. Finally, we 
associate the vertices wW(“-‘), wW(“) with the faces {w( lx..., w(n)}, 
{w(l),..., w(n - l), w(-n)}, respectively, in 5Y. 
The Weyl group W = W(D,) acts in two orbits on the (n - I)-dimensional 
faces of A?, with { l,..., n) and { l,..., n - 1, -n} in distinct orbits. Denote by 
8r, and @* the W-orbits generated by { l,..., n ) and ( l,..., n - 1, -n }, respec- 
tively. Therefore, a sequence (F, ,..,, F,) of faces in X with dim Fj = n, 
corresponds to a flag in-,!Y(D) if and only’ if 
ni#?l-2, i = I,..., r; 
n,<n,<...<n,-, and F,s . . . EF,-,; 
if n r-I, n, are not both n - 1, 
then n,-, <n,_,<n,andF,_,~F,_,~F,; 
if n,-, =n,=n-l,thenn,-,<n-l,F,-,cF,-,nF,, 
dim(F,-,nF,)=n-2 and F,-,Eq;,F,EcTz. 
(3.2a) 
(3.2b) 
(3.2~) 
(3.2d) 
Let us denote by e, a typical face of X of dimension i - 1, and by 7~~ a 
typical face of X of imension n - k + i - 1. Therefore, if K = ( l,..., k }, and 
if k < n - 2, we see that ,Yp) and zkDp) can both be identified with the 
simplicial complex whose maximal simplexes are the unordered flags 
{e , ,..., ek} in X. 
Given a flag u = (x1,..., 7~~) in X, we define (cf. [3, Sect. 31) 
O(0) = {flags (e, ,..., eJ / ei C 71i? ej @ njj- 1~ 
l<i<k,2<j<k). 
If K’ = (n - k + l,..., n), define a map Tr’: C,-,(z$)) + Ck-,(Xk?) by 
setting 
(3.3) 
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In [3] we showed that TiB’ determines a map 
and that the image affords the kth reflection compound character of IV@,). 
Let Tip’: C,- ,(C$?) -+ C,- ,(Zg’) be the Weyl group version of the map 
defined in Section 2. The arguments in Section 2 show that ThD’ induces the 
mapping POD’: H,- , (Z$‘) + H,- ,(Zg’). Moreover, the above discussion 
shows that CjyB) and Cf) can be indentified; hence so may the homology 
spaces Hk- ,(.J$“) and H,- ,(Zpp’) be identified. Finally, since the kth 
reflection compound character of IV@,) restricts to that of IV@,), we see 
that our problem boils down to that of showing that Im(Tr’) = Im(Tb”‘). 
Define a IV@,)-equivariant map a: C,- ,@?) -+ C,- ,(Zf,‘) as follows: 
For a sequence a = (7c, ,..., nkP2, k, k 71 71’) of faces in X as in (3.2), set 
a, = (71, ,..., nk-2, xk-1, nk), (12=(711,...,~k-2,~k~1,71~), where rrkP, = 
nk n nZ;. Define 
ak,(m> =,%,,(m) - &+) E c,- ,(‘%?T m E CR. (3.4) 
A comparison of (2.3) with (3.3) shows that TiD’ = TbB’a: C,-,(Zff’) -+ 
c,- ,<zp = Zf’). L emma 3.1 simply asserts that the factorization is valid at 
the homology level. 
(3.5) LEMMA. aH,-,(Zjj?) s H,-,(Z$?). 
Proof: Let z = C&(m,) E H,-,(Z$?); thus az = J&,(m,) - J&,(Q), 
where aI,, a2 are constructed from a as above. We proceed to verify (2.2) for 
az. Write az = J&(m,) and assume first of all that i < k - 1. Let 
ni+ 1 ).a*) nk) be a fixed flag, and assume that 7ck E 6”. Then by 
I (nl,....ni....,%k,n;’ = 0, 
xi 
where n; is the unique face of X in 4 satisfying 7ck- 1 = 7ck n n;. Similarly, 
if (xl T.--P ni- 1 Y 7ci+ 13-7 7~;) is a fixed flag with or; E e2’,, we obtain 
Cm,=L1rn d (?cl,.... ni . . . . . nhq = 0, 
*i “i 
where nk is the unique face in @i satisfying rk-, = rrk n rt;. 
Next assume that (n ,,..., 7ckm2, 7ck) is a lixed flag with nk E @, . In this case, 
obtain 
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where n; ranges over those elements of 4 with rtkV2 E 7ck n n;. If 7ck E @*, a 
similar argument yields the same result. 
Finally, assume that (7~~ ,..., rrk-,) is a fixed flag. Then 
= - C 
nk@l 
9, ,...., mk.zi) + XT? mcR ,,.... nk.n;) = 0, 
; 2 
where in the first sum of the final expression above, n; is the uniquely deter- 
mined element of fl, satisfying 7ck-, = xk n rc;, and in the second sum, 
xk E < is uniquely determined by rr- , = rrk f7 rr;. The lemma is proved. 
Therefore, we have a commutative diagram of W(D,)-equivariant maps 
and so Irn(rr’) C_ Im(rf’). 
To show equality, it suffices to prove that Im(TbD’) # 0, since Im(rf’) 
affords the irreducible kth compound character of W(D,). Let (T{~) = 
@ , ,..., rrk), where xi = { 1, 2 ,..., n - k + i), and set 
Z@) = x (-1)“w’p wqB,u) E Ck-,G3~ 
w  
where w  ranges over W,,, W = W(B,), and where I is the length function on 
W. One shows easily that zCB) E Hk- ,(Z$?). From [ 3, Sect. 41, it follows that 
7’~)~~~) # 0 in Hk-,(Zp)). Let crtDJ = (7~~ ,..., rrk-*, rrk, K;), where the x;s are 
as above, and where rr; = { 1,2 ,..., n - 1, -n}, and set 
Z@) = c (-1)“w’p wo(o,(l) E Ck-,Gw)~ 
w  
where iv ranges over W(D,,),, . As above, we have zCD, E H,- ,(Cf?). If 
u E W(BJK, is the signed permutation v = (-n), then we have, by (3.4), that 
Z@) = c (-l)~(W)~W(I(B,(l) -x (-l)‘%W”,,B,(l) = -c=(D). 
w  w  
Therefore TkD’z - Ff%z(D) = -Fpz(,, 
Theorem i.4 in g)s)sek # n - 1. 
# 0. This concludes the proof of 
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4. THE CASE k=n- 1 
We revert to the notation of Section 2, with k = n - 1. Let B be a Bore1 
subgroup of G and set q = [B: B n wiBwi], where wi is any fundamental 
reflection in W = W(D,). If (5 = (Z7, ,..., n,-,) is a flag, define 
~l(a)=(flags(E,,...,E,_,)IEi~ni,Ei+,#ni,l~i~n-3, 
E n-2~<n,-,,E,_,~n,_,,andE,-, =II,-,I, 
a2(u) = {flags (E, ,..., E”-,)IEi&ni,Ei+,Zni,I~i~n-3, 
E n-2~17,-2,E,_2~n,_,,E,-,#n,-,~. 
Define T: C,-,(d,,) + C,-,(A,) by setting 
5,(m) = 9 x P&l- 1 l%(m), 
TE@I(O) rE@zfo) 
m E Q. 
(4.1) THEOREM. 7X-,(A,,) E Hn-2(~K) and this image afsords the 
(n - 1)th reflection compound character of G. 
TO check the first part of Theorem 4.1 we must show that if 
z = CP&&) E H,-#,~), and if (E, ,..., Ei-1, Ei+ 1 ,..., E,-,) is a fixed flag, 
then 
(4.2) 
where Ei ranges over those vertices such that Ei- , < Ei < Ei+ , , and where aj 
ranges over those flags with (E, ,.., E,- 1) E Qj(oj), j = 1, 2. 
To verify (4.2) for i = n - 1, observe that for any flag (En-*, n,- i) there 
are exactly q + I possibilities for E,- i such that (EnP2, E,-, , I7,- ,) is a 
flag. This implies that (4.2) with i = n - I is satisfied for any element 
z =,uJm) E C,-,(A,,). A fortiori (4.2) with i= n - 1 holds if 
z E Hn-#K’). 
We proceed to check (4.2) in the remaining cases. Let z = C,u,(m,) be a 
fixed element of H,-,(A,,). C ons’ider first the case i = n - 2 and let 
(E k-3, 1 ,*--, E,- r) be a.tixed flag. In (4.2) write x = qc’ - C” with 
where 
(1’) c;*, is the sum over flags (n,,..., ZI,-,) with ZIj > Ei, 
flllfEtl+,, l<j<n-3, l~h~n-4,andn,_,=E,_,; 
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(1”) El, is the sum over flags (n, ,..., lTne3, n,- ,) with “j >, Ej, 
=*#E*+,, l<j<n-3, l<h<n-4, Z7,-,#E,-,, and such that 
(E,-1,Z7-,) is a flag. 
(2’) c;z, is the sum over flags (E,-2,17-,) with E,-, < 
E n-2 <En-,, En-, #J7,-,, and such that (D,-,,J7,-,,Z7,-,) is a flag; 
(2”) c;‘z, is the sum over flags (E,-z,17-,) with E,-, < 
E n-z <En-l, En-, #n,-,, and such that (17,-j,n,-,,Z7,-,) is a flag. 
Now for each flag (17i,..., JZ,- J as in (1’) and for each element n, _, 
such that (D, ,..., ZI- ,) is a flag, there are exactly q elements E,-, < IZ-z 
such that (Enm2, 17,- ,) is as in (2’). Thus by (2.2), obtain 
where iT,,-, ranges over those elements such that (n, ,..., A’,- r) is a flag. 
Next,. let (fl, ,..., 17,-, , n,, _ ,) be a flag as in (1”). If n,- 2 is any element 
such that (H,-,,n,-,,n,-,) is a flag, then l7,-,>E,-,. By an easy 
application of the Bruhat dec&mposition for G, we infer the existence of a 
unique E,-, with E,-, GE,-, GE,-, and IIn-2 > E,-,. Clearly 
E n-2 # n,,-, and so (En-*, n,-,) is as in (2”). Thus by (2.2), 
where II,-, ranges over those elements such that (n,- 3, n,- z, II,- r ) is a 
flag. 
Next, the verification of (4.2) for 1 < i < n - 2 proceeds exactly as in the 
verification of (2.5); we omit the redundancy. 
Finally we consider the case i = 1. Let (E2,..., E,- 1) be a fixed flag. Write 
C=qC’-2” with 
where 
(2’) c;*) is the sum over flags (fl*,..., ZZ,- 1) with nj > Ej, 
n,, +E,t+,v 2<j<n-2, 2~h~n-3,n,_,=E,_,,n,_,~E,_,; 
(2”) 2% is the sum over flags (fl, ,..., n,- ,) with nj > Ej, 
n,,+E,,+,r 2<j<n-2, 2<h<n-2,n,-,>E,-,; 
(3) cw is the sum over flags (E,, n,) with E, GE, and such that 
(l7, , l7*, l7,) is a flag. 
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By successive application of Lemma 2.6 we have 
= (-1)“-3 c m(E ,,.... En-2.E,e,.17m,) - - 0, 
n,-, 
since in the final sum, II, _, is allowed to range over those lements such that 
(E En-17 1 ,**-, n,-,) is a flag. In a similar way, C” = 0, and so (4.2) is valid 
in case i= 1. 
5. THE CASE k =n-- 1 CONCLUDED 
Let W = W(D,) and let K and K’ be as in Section 4. Let vK and wK I be 
the characters of G afforded by the G-modules H,,-,(A,) and H, -&lKJ), 
respectively. Using the methods in [4] we infer rather easily that wK and vK, 
have a unique common irreducible constituent, viz the (n - 1)th reflection 
compound character. Thus we will have completed the proof of Theorem 4.1 
provided we can show that 7’H,-,(d,,) # 0. 
To this end, let c = (fl, ,..., n,- ,), where ni = G”+ I), i = l,..,, n - 1, and 
define the element 
z = ,E; (-V”‘A&) E Hn-zV,,)* 
K’ 
We shall show that Tz # 0. 
As already mentioned in Section 3, the Weyl group W(B,) is just the 
group of signed permutations of the set { f l,..., k:n). The Weyl group W(D,) 
can be identified with the subgroup of W(B,) consisting signed permutations 
with an even number of sign changes. Let ug E W(D,) be the n-cycle 
270 = (1 2 . . . n), and set r = (E,, E, ,... , En- I), where Ei = v. Gtif, 
i = l,..., n - 1. We aim to prove that ,u,(l) occurs with positive multiplicity 
in Tz. 
We first show that r E @,(a). By the Bruhat decomposition, this follows 
provided we can show that 
v 
0 
w(i) n w(i+ 1) + 0, u. w(itl) + w(i+ I), l<i<n--3, 
v. w(n-2) n wcn-1) + 0, 
u. W(n-2) n W(“) # 0, (5-l) 
u. p-1) = wo-1). 
REFLECTION COMPOUNDS 125 
The validity of (5.1) can most easily be seen by using the description of ,?Y@’ 
in terms of M(X), as in (3.2). Thus o0 IV”’ n IV”+” # 0 if and only if 
{Ql),..., q)(i)) G { 1, L.., i + l}, 1 < i < n - 3, which is clearly true. The 
remaining assertions in (5.1) can be checked similarly. Note, finally that 
z 6Z Q*(u) as @,(a) n &(u) = 0. 
Therefore, to check that n,( 1) occurs with positive multiplicity in Tz, it 
suffices to prove that r 4 Qi(wa), i = 1,2, where w  is any nonidentity 
element of W,,. If t E @i(wu) then the Bruhat decomposition for G dictates 
the following conditions: 
u 
0 
wi) n wpi+l) f  0, v. vi+ 1) f  wpf,di+ I), 1 <i<n--3, (5.2a) 
u, w’“- 2’ n wWn-‘) # 0, u. w’“- 2, n w w(n) f 0, (5.2b) 
u. w’n- 1’ = ww’“- 1). (5.2~) 
Note first of all that w( 1) = 1. Thus we have u. W”’ n w WC” # 0 implies 
2 E ( 1, w(2)), and so 2 = w(2). Next, u. W”’ n w Wt3’ # 0 implies (2,3) c_ 
(1, 2, w(3)}, forcing 3 = w(3). Continue in this fashion to obtain w(i) = i, 
1 < i < IZ - 2. Conditions (5.2b) imply n - 1 E (w(n - l), w(n)} n 
(w(n - l), w(-n)}, which f orces n - 1 = w(n - 1). From condition (5.2~) 
obtain w(n) = n so w  = identity, a contradiction. 
In a similar way, if r E @*(~a) then conditions (5.2a) and (5.2b) still 
hold, and condition (5.2~) is replaced by 
Wo,fAn-I) + Ww’n-l’, (5.2~‘) 
and so ( 1, 2 ,..., n } # ( l,..., n - 1, w(n)}. The only possibility is that 
w(n) = -92, forcing w  E W(B,) - W(l),), a contradiction. This completes the 
proof that ~~(1) occurs with positive multiplicity in Tz and so T is not the O- 
map. Theorem 4.1 is therefore proved. 
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